Abstract. The complex Lorenz equations are a nonlinear fifth-order set of physically derived differential equations which exhibit an exact analytic limit cycle which subsequently bifurcates to a torus. In this paper we build upon previously derived results to examine a connection between this torus at high and low (bifurcation parameter) and between zero and nonzero (complexity parameter); in so doing, we are able to gain insight on the effect of the rotational invariance of the system, and on how extra weak dispersion (r 0) affects the chaotic behavior of the real Lorenz system (which describes a weakly dissipative, dispersive instability).
1. Introduction. Very recently, Gibbon and McGuinness [4] have shown that a fifth-order differential system of amplitude equations may be derived from weakly dissipative systems which exhibit a primarily dispersive instability, if extra ("detuning") dispersive effects are present. Moreover, when spatial variations are excluded, this system may be viewed as a complex generalization of the Lorenz equations [11] . A concise summary of this derivation, and of other relevant papers, is given in the article by Gibbon [3] . The complex equations may be written: (1.1) 2=-crx+try, =(r-z)x-ay, :i=1/2(xy*+x*y)-bz, where r, b are real parameters,, but r rl + ir. and a 1 ie are complex, and hence x and y are complex also. Equations (1.1) can describe (codimension two) bifurcation behavior in baroclinic instability and nonlinear optics, and (in principle) in a variety of other physical systems too. For this reason, and also because they may increase understanding of the chaotic behavior of the real Lorenz model, a study of their solutions is of some interest.
An initial such study was made by Fowler et al. [1] , and we here summarize their main findings. There is a trivial solution of (1.1), namely x-y= z=0, representing the state of rest in the original physical system. If we adopt rl as the bifurcation parameter, then this solution loses stability to a limit cycle as rl increases through e + r2) e rr2) (1.2) rlc 1 + (tr+ 1) 2 this limit cycle is the complex generalization of the nontrivial steady states in the real Lorenz equations: moreover, the limit cycle has an exact analytic form, given by and we suppose to 0. The exact limit cycle exists by virtue of the rotational invariance of the system, i.e. the equations are invariant under the transformation x + x e ic y + y e z z. As a result of this, a transformation to the rotating frame, in which coordinates (X, Y, Z) are given by (1.5) x=Xei', y Y e kot, Z Z, reduces the limit cycle to a continuum of fixed points, whose stability and bifurcation may be analyzed in a standard manner. We find that the limit cycle loses stability oscillatorily at a value rl rc, and solutions must (generally) bifurcate to a torus (Joseph [7] ). The toroidal motion can be very nicely visualized in the rotating frame, since near bifurcation the unstable oscillation precesses slowly round the continuum of fixed points (underlying limit cycle) (Fowler et al. [1] ). Numerically, we find for e 3 re, cr 2 that the bifurcation to a torus is subcritical for 0 < re < 1; this is analogous to the subcritical Hopf bifurcation in the Lorenz model (McLaughlin and Martin [13] , Roshchin [20] ). However, whereas the resultant motion tends to be aperiodic in the real Lorenz system when the nontrivial fixed points are unstable, numerical evidence when r2 0 suggests that the bifurcating branch might "bend back" so that one sees snap-through instability to a stable torus on the upper branch. and e is a measure of the amplitude. The notation in (1.12) signifies R (0) and u(0) are 2rr-periodic functions of 0. As discussed, we surmise that the form of (1.12) qualitatively represents the upper branch stable torus which is numerically observed.
The "bifurcation theory" version of (1.12) and (1.13) has recently been given by Renardy [17] ; see also Rand [16] .
Various questions now present themselves. Since the form of (1.12) is representative of the rotational invariance of the system, we may inquire whether this form persists for larger rl. If we examine phase plots of xl versus x2, or x3 versus x4 (i.e.
Re x/Im x or Re y/Im y), the limit cycle will appear as a circle (because of the form of R) and the bifurcating torus will look like the projection of a solenoid (or a trajectory wrapped round a doughnut). Figure 1 shows that this behavior persists away from rc, and is suggestive of (1.12)ma limit cycle being precessed around the origin. 8 .00
.00 --.00 -6100 --2 ?00 2.0 6.0 14700 i8700 effect is felt at O(1). This discussion incidentally suggests that there may be some critical value of p2, beyond which the torus (and the ensuing analysis) does not exist:
we note for the moment that this is consistent with curve/3 in Fig. 3 where k is the modulus: hence we derive expressions for s c, rt, w (at leading order) in terms of elliptic functions" particularly,
We do not need to consider the explicit forms for , r/and w further, beyond observing that indeed and r/are generally doubly periodic and w is singly periodic. We come back to the form of (2.12) in due course. In order to determine evolution equations for B, D and G, we require three "near"-conservation laws for these variables. Two such are (2.5) and the third follows
To O(e), s c, r/, w are given by (2.12), and the right-hand sides of (2 .5) We now seek the steady state solutions of (2.30). Using Equations (3.6) and (3.8) Fig. 4 . Of most interest as regards "chaos," is the passage of the equilibrium solution through B 1 D as U varies through U 1. Since this is directly associated with the strange attractor when a2 =0, we enquire if this coalescence can persist when a2 0. In Fig. 4 we have also drawn a schematic track of equilibria as U and, say, , vary with, say, fixed a2. We can imagine an orthogonal G-axis pointing up out of the paper. We have indicated that with a 2 0 the solution track also encounters the "homoclinic" point at B D= 1, G a2. From (3.6) [21] ) that the coalescence of U < 1 and U> 1 fixed points at I lh (from (3.23)) represents the approach to a homoclinic torus, then we might correspondingly expect the explosion of an infinite number of tori in the complex case at this value of I. Since all these orbits at high r could be equally well described by the averaging procedure, we might conclude that to O(e) they are indistinguishable, and that the line of orbits (dotted in Fig. 4 for/92 0) "really" represents a thin O(e)-wide sheath of orbits which would disappear in period-doubling windows as rl decreases (for/92 0, one can imagine an e-axis in Fig. 4 vertically out of the page: the periodic orbits at fixed U would mushroom out of the page as e increases from zero and later disappear via coalescence). Presumably a higher-order averaging theory might resolve these windows.
Sparrow also discusses the problem of the invariant line G a2, B D; as a trajectory tends towards this line, k oe, and the method of averaging formally breaks down when eK---1. With U and a defined by (3.12) As 0, we use the results and definitions of (3.12) to (3.15) , and find that, to 0(6), We can anticipate that the logarithmic dependence of 6 on *, and A will enable these variables to go to zero in a finite time. For simplicity, consider first the real case, in which y a2 p2 F 0, so that (3.42) B'.--b (1-B) , (3.43) [ln ] 24 where (3.44) x 6o--b-2-3b/B. were found by Sparrow [21] .
To extend the results to p2 0, we suppose that the equations (3.41) are to be integrated over a small range of Itl (if we expect both/ and *, to tend to zero in finite time). We can consistently neglect the small terms zB', A*,'. Then (4.1) fixed point x 0 --> limit cycle x R (wt)Xo --> torus x= R(t)u((lt), as the parameter r increases. These descriptions are global, rather than local The rotational forms (4.1) clearly stem from the rotational invariance of the system, and we can at least pose the questions, can one prove the forms (4.1) for the complex Lorenz system, or for more general systems (one thinks in this context of Taylor vortices in rotating Couette flow [16] Another facet of the torus is that as r2--> 0, ra --> , the rotating frequency 03 tends to a value which is half that of the underlying cycle. We predict this analytically, as well as observing it numerically (in spectral plots): in this way the torus reduces to a limit cycle at r2 0, as it must, for other reasons, being a dissipative system.
In the caption to Fig. 4 (4.4) b/r---e= l//rlcr, and implies that in a distinguished limit given by (4.4), or particularly when rl---cr >> 1, b 1, this style of chaos will prevail. For the real Lorenz system (/92 0), this parameter regime has been studied by Fowler and McGuinness [2] .
As a last comment, let us admit that the study of systems such as the complex Lorenz equations is only ultimately "justified" if it sheds light on behaviors in a real physical system. Apart from the actual derivation of the present system in models of (for example) baroclinic instability, we may point out the resemblance of the bifurcation behavior here to that in rotating Couette flow. The study of the Lorenz equations has now led in Sparrow's work to the recognition that a new type of bifurcation, associated with the occurrence of a homoclinic orbit, can give rise to strange behavior unrelated (at least parametrically) to any Hopf bifurcation in the system. If we think of the transition to turbulence in plane Poiseuille flow at Re---1000, and the (unrelated) subcritical Hopf bifurcation at Re 5772, one may suppose that analogies in simple systems may have relevance in real fluid problems. One can also draw interesting (and direct) parallels between the behavior of the real Lorenz equations at high rl and r and Howard's [5] schematic description of thermal turbulence, and we can therefore hope that the development of techniques and results for systems of ordinary differential equations may eventually bear fruit in the field of fluid mechanics.
